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Abstract. In this paper we describe a function F n : — > R.+ such that for any hyperbolic 
n-manifold M with totally geodesic boundary dM 0, the volume of M is equal to the sum of 
the values of F n on the ortho spectrum of M. We derive an integral formula for F n in terms of 
elementary functions. We use this to give a lower bound for the volume of a hyperbolic n-manifold 
with totally geodesic boundary in terms of the area of the boundary. 

1. Introduction 

We let M be a compact hyperbolic n— manifold with non-empty totally geodesic boundary. 
An orthogeodesic for M is a geodesic arc with endpoints in dM and perpendicular to dM at 
the endpoints. Then the ortho spectrum Am of M is the set (with multiplicities) of lengths of 
orthogeodesics. Let DM be the closed manifold obtained by doubling M along the boundary then 
DM is a closed hyperbolic manifold and therefore the set of closed geodesies of DM is countable. 
As the orthogeodesics of M correspond to a subset of the closed geodesies of DM, the set of 
orthogeodesics of M is also countable and therefore Am is also. By decomposing the unit tangent 
bundle of M we obtain the following theorem. 

Theorem 1. Given n > 2 there exists a continuous monotonically decreasing junction F n : R + — > 
R + such that if M is a compact hyperbolic n— manifold with non-empty totally geodesic boundary, 
then 

Vol(M) = 

ieA M 

We give an integral formula for F n over the unit interval of an elementary function and show 
show that F n satisfies lim;_ ) . u + l n ~ 2 F n (l) = K n > 0. Therefore for n > 3, if a hyperbolic n-manifold 
with geodesic boundary has a short orthogeodesic, it has large volume. Conversely if it doesn't 
have a short orthogeodesic, the boundary has a large embedded neighborhood and therefore large 
volume. Using this we prove the following theorem. 

Theorem 2. For n > 3, there exists a monotonically increasing function H n : R + -4- R + and a 
constant C n > such that if M is a hyperbolic n-manifold with totally geodesic boundary of area A 
then 

Vok(M) > H n (A) > C n .A^) 
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2. Decomposition via orthogeodesics 

In this section we define F n and show that it gives a decomposition of the volume of M as 
described in Theorem 1. 

We let Cm be the set of orthogeodesics of M and write Cm = {cti}iei- We further let Zj = 
Length(aj). 

Let v € T\(M) and let a v be the maximal length geodesic arc in M tangent to v. We define 

T/(M) = {ve Ti(M) | da v G <9M} . 

Ifu € T/(M) then a v is a closed geodesic arc with endpoints in dM intersecting dM transversely. 
We define <~ on t((M) by letting v ~ w if a„ is homotopic to a w in M rel boundary <9M. Let 
Vi e Ti (M) be such that Vi is tangent to the orthogeodesic aj . Then obviously a Vi — a, and we let 
P; = [vi\- We will show that the Pi are exactly the equivalence classes of ~. 

We consider the universal cover M of M in H™. Then dM is a collection of disjoint planes Pj 
bounding disjoint hyperbolic open half spaces Hi such that M = H 3 — (UjPj). 

Given awe t((M) we lift to a geodesic arc fit, in M. Then a v has endpoints in two disjoint 
components Pi,Pj of dM. As Pi,Pj are disjoint, there is a unique perpendicular ft between them 
in M. Then a v is homotopic to ft in M rel boundary. We let ft be the geodesic arc obtained by 
projecting & down to M. Then j3 is a geodesic arc with endpoints in <9M and perpendicular to 
dM. Therefore /3 is an orthogeodesic of M and therefore f3 — au for some k. Also the homotopy 
between a v and /? in M rel boundary, descends to a homotopy between a„ and au . Therefore if we 
take Vk be a tangent vector to a k then [v] — [v k ] = D k . 

Now to show that Di n Dj = for i =/= j, we note that if ~ then Qj is homotopic to aj rel 
boundary.We lift this homotopy to obtain a homotopy between lifts and <Xj in M rel boundary. 
Let P k , Pi be the components of dM joined by a,. Then aj is the unique perpendicular between P k 
and P;. As fij is homotopic rel boundary to a i: it must also connect P k ,Pi and is also the unique 
perpendicular between P k and P/. Thus &j = ctj adn therefore on — aj. 

By the ergodicity of geodesic flow on the double DM, almost every a v must have both endpoints 
in dM. Therefore t({M) is of full measure in Ti(M). Therefore integrating over the fibers, we 
have 

nMiT^M)) - Vo^S"- 1 ).Vol(M) = ^ft M (A) 

iei 

giving 

Vo1(m) = voT(s^)5" m(a) 

We now show that ^M(Di) depends only on Zj. Let p : T\(M) — > Ti(M) be the covering map 
associated to the covering 7r : M — > M. We let f2 be the standard volume measure on Ti(H"). 
Then p is a local isometry between O and ^m- 

Given fj a tangent vector to aj, we lift to aj in M C H". Then aj is the unique perpendicular 
between the planes Pj , P k . We let Di be the set of tangent vectors in T\ (M) tangent to a geodesic 
arc with endpoints on Pj , P k . 

If v € Dj then a„ is homotopic to aj and therefore lifting the homotopy, it lifts to a geodesic 
arc a v with endpoints in Pj,P k . Therefore we can lift any point of P/j to a point of Pj and the 
lift is a local isometry between T X (M) and 7i(M). Also by projecting back down to M, every 
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point of Di is a lift of a point of Di. Therefore p restricts to a covering map from Dj to Di. To 
show it is a homeomorphism, if g is a covering transformation for the covering ir : M — > M that 
sends v <G Di to w e Di, then g must send the pair of boundary components Pj , Pk to themselves 
(possibly switching). Therefore g must preserve the perpendicular on and fix (at least) the center 
point of of on. As covering transformations have no fixed points this is a contradiction. Therefore 
Di is an isometric lift of Di. Therefore flM(Di) — ft(Di). 

We now take the upper half space model for H™ and denote the planes Pi by the disks in R" _1 
bounded by the half space Hi. We define 

D = {xE R™- 1 | \x\ < 1} and D a = {x G R"" 1 | \x\ > a] 

and the associated half-spaces by H, H a respectively. For each li , we define = e li . Then by an 
isometry we can map the half-spaces Hj , Hk to half-spaces H, H ai . We let Q a be the set of tangent 
vectors in Ti(H" — (H U H a )) tangent to a geodesic arc with endpoints in D, D a . Then we have 
Q(Q a ■) = Q(Di) and we define 

F (I) n{Q ^ 

Then 

Vol ( M ) = voTT^ry E ^m(A) = E = E F n(h) 

y ' iei v ' iei iei 

3. Integral formula 

We consider the upper half space model of H™. As described above we have disks 

D = {x e R™- 1 | \x\ < 1} and D a = {x E R"" 1 | \x\ > a} 

bounding planes P, P a respectively. Then Q a is the set of tangent vectors tangent to a geodesic arc 
with endpoints on Pq, P a . 

We let £1 be the volume form on Ti(H"). Let v e Ti(H") and define g v to be the directed 
geodesic with tangent vector v. Then g v can be parameterized by the ordered pair of endpoints 
(x,y) € R n_1 x R™ -1 . Furthermore if v has basepoint p then p is a unique signed hyperbolic 
distance from the highest point (in the upper half-space model) of g v . We can therefore uniquely 
parameterize Ti(H") by triples (x,y,t) e R™ _1 x R™ _1 x R where (x 7 y) is the directed endpoints 
of g v and t is the signed distance from the highest point of g v . 

In terms of this parametrization we have 

2dV(x)dV{y)dt 



dSl = 



■ _ y|2n- 



where dV(x) = dx\dx2 ■ ■ ■ dx n -i, for x = (xi,X2, ■ ■ ■ , £n-i) € R n_1 . 

Now if v e Q a then g v has endpoints in D x D a or D a x D. We define the map L a : (D x D a ) U 

(D a x D) — > R + given by letting L a (x,y) equal the length of the segment of the geodesic with 

endpoints x, y between P and Pa- 
Then integrating along the t direction we have 

F n (D = u j _„ I dn - 1 f ^W(y)dt 



VoKS"- 1 ) J Qa Vo^S"- 1 ) J Qa \x - y\ 2n - 2 

Giving 

L a (x,y)dV(x)dV(y) 



F n (l) 



Vo^S"" 1 ) J {DxDa)u{DaXD) \x-y\ 



2n-2 
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As L a (x 7 y) = L a {y 1 x) we have 

4 /" L o 0r,y)(iV(x)dV(y) 4 /' /' L (a;,»)d^(a;)dV(i/) 



voi(S"-i) 7 flx n |a;-y| 2 "- 2 voi(S"-i)y w<1 y M>Q |x- y | 2 «- 2 



We first note the following fact from prior work. 
Lemma 3. (Bridgeman [Q) Ifx,y€H then 



L a {x,y) = -log' 



2 ° V(y 2 -a 2 )(^ 2 - : 

It follows that 

log ( jf^x^iy ) da: ^ 



(x - y) 5 



The above integral can be explicitly calculated yielding the following; 
Theorem 4. (Bridgeman [ljj For n = 2 

4 / 1 \ 
F 2 (l) = -C' 



7r v cosh 2 | y 

where C is the Rogers L~function. 

4. Higher dimensional case 

We now consider the case of n > 3. Let (x, y) G D x D Q . We let z = y — x with u = z/|z|. Also 
we define w to be the point on the line I joining x, y in R ra nearest to the origin in the Euclidean 
metric on R n . Then w — r.v where v £ S n_2 and r > 0. Then u, v € S™ -2 are perpendicular 
and 

x = s.u + r.v y = t.u + r.v 

for unique s,t 6 R. 

We reparametrise the integral in terms of r,s,t,u,v. We note that (u,v) parametrize the unit 
tangent bundle Xi(S"- 2 ). 

To calculate the Jacobian, we first change variables from (x, y) to (x, z) where z = y — x. Then 
the Jacobian is trivially equal to one. As z — y — x = (t — s)u, then from standard polar coordinates 
we have that 

dV(z) = (t- s) n - 2 dQ(u)d(t - s). 

where dfl(u) is the volume form on the unit sphere S™ -2 in R n . Now for fixed u, then x — s.u+r.v 
is in cylindrical polar coordinates with respect to v. We let dfl(u,v) be the spherical volume form 
on the vectors perpendicular to u. Then as u, v we have in terms of spherical polar coordinates 

dV(x) = r n - 3 dQ(u,v).dr.ds 
dV(x)dV(y) = (t- s) n - 2 r n - 3 dn(u, v)dfl{u)dr.ds.d(t - s). 

Therefore 

dV(x)dV{y) = (t - s) n ~ 2 r n - 3 dn(u,v)dn(u)dr.ds.dt. 

We consider the vertical hyperbolic plane P containing x, y. Then we see that P intersects both 
Po,P a in semicircles centered about w. By definition of r — \w\ we have that the semicircles have 
radii r\ = yl — r 2 , r 2 = v 'a 2 — r 2 respectively. The geodesic with endpoints x, y is contained in 
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t.U 



s.u 



w=r.v 



FIGURE 1 . Paramctrization by r, s, t, u, v 



P. Therefore restricting to P and scaling by 1/n we have that the length L a (x, y) is given by the 
previous lemma 



'Xyn'nJ 2~ 6 \{t 2 - r 2 ){s 2 - r 2 ) 
Then we have 



Vn-l Jo JS™- 2 JS"- 3 J|a|<ri Jf. 



f (t 2 -r 

\s\<n Jt>r 2 ( s -t) 



\2n-2 

JH"-^ ^|s|<ri Jt>r 2 V* 

Integrating over u, v we get 

W Vn-l Jo J- ri Jt>r 2 (*"*)" 

We let u = s/ri,v = t/n and b = r 2 /r\ then 



,„< _ /' ^ f i f du r ^yw^^, dv 



V n -i Jo \ r" 2 J -i J b (v - u) 

We define 

lor ( (v 2 -l)(u 2 -b 2 ) 
1U & \(v 2 -b 2 )(u 2 -l) 

Therefore 



M n (b) = du ^ >-dv 

J-i Jb {v - u) n 
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(1) 



F n (l) = 



2V n - 2 V, 



n— 3 



r.n-3 



Vn-i Jo (^T^2) n - 2 ' Mn \\ l-r 
We obtain an alternate integral form for F n by letting x = y 1 _ r2 



dr. 



a2 - r ' 2 . then 



x 2 = 



a 2 - r 2 
l-r 2 



r 2 = 



x 2 - a 2 
x 2 - 1 



2rdr = ^2xdx 

(x z — ly 



Giving 



r n-3 dr = r n-4 rAj . 



x — a 
x 2 - 1 



,2\ 2" 



l-r 2 = 



a 2 -I 



a 2 -I 

(X 2 - l) 2 
1 



xdx 



x{a 2 -l)(x 2 



(x 2 - 1)5 



-dx 



Therefore 



(2) 



F n (l) = 



x 2 - 1 

2K-2K-3 

K.-1 



(a/jT^)"- 2 \a 2 -l 



x — a' 
a 2 - 1 



2\ 2 



im„(i) 



1 



dx 



4.1. Formula For M„. We give an explicit formula for M„. in order to do so we first need to state 
some integral formulae. For n > 1 we define the polynomial function P n by 



k=l 



k 



We also define Po{z) = 0. We note that for \x\ < 1, P„(x) is the first n terms of the Taylor series 
of — log(l — x). We therefore define the function L n (x) by L n (x) = log |1 — x\ + P n (x). For \x\ < 1 
we have 



k=n+l 



We note that L (x) — log |1 — x\. We also note that P n (l) = 1 + \ + . ■ . + ^, the n th Harmonic 



number 

Then we have the following integral formula. 
Lemma 5. J/n/kR and n a positive integer then 



r dx 

J (x-a)(x-by 

Proof: We note that 
1 



(a - by 



log 



x — a 
x — b 



+ Pn-1 



a — b 
x — b 



L n-1 (§=f) 

(a-b) n 



x n (x 



x n - c Tl 



■ n \ x — c x n (x — c) 



Qn-l(x) 



where 
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Therefore 



J x n (x — c) c n \J x — c J x n ) c n \ J x n 

n 

= £- 



As 

Qn-l(x) ^ C n - k 



c fc=l 



then 

71-1 



/ ^=^<fc = log |X| - J2 f ~T\ n k = l0 § 1^1 - ("I 

J x n £^{n — k).x n fc \xJ 

Therefore 

c\\ _ L„_i (§) 



7 a;" (a; — ■ 



fe= 


; («- 


k).x n k 




x — c 




^log 


+ Pn-1 


a; 





c) c 

The result now follows by elementary substitution. 

Integrating by parts we get, 
Corollary 6. For n > 2 



log |.r - «| , ! / (x-b) log \x - a\ 



-dx 



(x-b) n n-l\ (a-6)™- 1 

Furthermore for k > 1 

Iog|a;-a| L " (s=§) \_ log |6 - a| - P„(l) 



lim 



» I (b — x) k (b—a) k J (b — a) k 

Lemma 7. The function M n : (l,oo) — » R + has the explicit form 

;/ - lo g(^rF) - 2P„_ 2 (l) + £„- 3 (^) + (-l) n L n _ 3 (^^) 



(6+l)"- 2 V (46) 7 v ' n ~ ay b-l' v 7 

(26^ ( L "- 3( fefl ) ~ £, "- 3( 6^Ti ) ) + 2^ ( L "- 3( 6Tl ) ~ (_1) " L "- 3( 6^t)) 
Furthermore M n satisfies 

lim (6- l) n - 2 M„(6) = £)„ = t "~ 2V ; and lim - — -.M n (b) 



b^i+ " (n— l)(n— 2) h^cologfr' n— 1' 

Proof: We let 

,0 

/(«,&) = y & 



lOg ((„2_,,J 1( | „J , 



/ b (u-u)" 
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then M n (b) = I(u, b)du. We split I = Ii + 1 2 where 

h(u,b)= - V J dv h{u,b)= 7^- 

Jb (v-u) n J h (v 



-l)(b+u) 
+b)(l-u 2 ) 



u) r 



dv. 



By the above lemma, 



h(u,b) = 



n-l I (v-u) n - 1 (fe-w)™- 1 



Therefore by the above corollary 



h{u,b) 



1 / Pn-2(1) 



n-l \(b- m)™- 1 



/ 2 («,*>) = 



-1 



loe /V-i)(H-«A 

10 g ^(„+6)(l-u 2 ) J 



(v — u) n 1 
Evaluating we get 



1 1 



h{% b) 



, /lor ( (b 2 -l)(b+u) 
1 / i0 S ^ (26)(l-«2) 



n-l I (b — u) 



n-l 



n—lj b (v — u) n 1 \v — 1 w + 1 w + fe 



+ — '-r ~ r ! r/r 



(u — u) n 1 \v — 1 u + l w + 6 



Therefore 
M„(6) 



i i r 1 iog( i ft)SS 1 )+^- 2 (i) 



n-l | (b - u) 11 - 1 



We once again split this integral as follows; 



-du + 



1 1 1 



lJb {v — u) n 1 \f— 1 v + 1 v + b 



dvdu 



1 / [1 lQg(^)+^n- 2 (l) 

Jl(6) = ^l ^ (^F^ 

Hb )= ^(r l ^k^l d u 



du 



n-l 1 J_! 



J3(6) = n^i (/_, I (v^uy^ {v^i + vh - vTb) dvdu ) 



We now evaluate each of J 1; J 2 , J3. 
Ji: Integrating we get 



Jx (6) 



1 °g(%r) +p ™- 2 ( 1 ) 



1 



1 



(n-l)(n-2) \(b-l) n - 2 (6+1)"- 2 
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J 2 : By the above lemma 



1 



lo § ( (1-uHi+u) ) L n _ 3 (^) L n _ 3 (^) L n _ 3 (^) 



2{ ' ~ (n- l)(n-2) [ (6-?i)«- 2 ~ "" (26)«- 2 (6 - 1)«- 2 ' (6+1)"- 
Therefore 



(»-l)(n-2) J a (6) = ( j + ^ ^ j + ^ ) + 



/ log(l - It) £ n -3(^) \ / log(l +u) L»_ 3 (^) \ 

« ™- \ (b- u) n - 2 (b- 1)«- 2 J „^ lm i+ ^ (6 - u)»- 2 (6 + l)"- 2 y 
By the corollary above 

/ log(l-tt) V3(^) \ = P n - 3 (l)-lQg(t-l) 

« ™- \ (b- w)"- 2 (6 - l)"- 2 y (b - l)"- 2 

/ log(l+tt) £n-3(££A = lQg(b+l)-P n - 3 (l) 

«^ im i+ ^(6-u)"- 2 (6 + 1)"-^ (6+1)"- 2 

Therefore 



(n- l)(n-2)J 2 (6) 



+ 



(6 - l)"- 2 y \ (26)"- 

>-i ' 

2(6+1)' 



1 °g(2fe j rT)-^-3(i) + i n - 3 (S) 



v (& + i)«- 2 J 

J 3 : Switching the order of integration we get 

J ^ h) = (n-l)(n-2) / (u^T + ^TT ~ ^T&) ( (v - l)™- 2 ~ (v + 1)«- 2 ) dV 
Therefore 

. . = 1 I ^=2 ^2 ^«-3(^i) _ ^»-3(faj[) ^-3(jfr) _ ^»-3(^qrr) 

3U (n-l)(n-2) ^(fo-l)"- 2 (6+1)"- 2 2™~ 2 (-2)«- 2 (-6 - 1)«- 2 (-6 + 1)"- 2 

Combining J\ , J 2 , ^3 we have 

1 / f^) + ^- 2 « + ^n-3(l) - + ^2 - (-l)"i„-3(^ r ; )\ 

M " (6) = (n-l)(n-2) — " I ! 



'-log (gjjg) - P n _ 2 (l) - P n _ 3 (l) + Wjg) - ^ + (jVag)' 

(b+ l)™- 2 

/ ^(^- 3 (^) - wgi)) + Wgi) - (_irua || 



+ 
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Noting that P„_ 3 (l) + = P„_ 2 (l) wc simplify to get 

MnW = ( „_ 1) 1 (n _ 2) ((^^ (^(^) + - W^j) - (-D^-S(^) 



(26)«- 2 V v 6 + r ^6-17 2"- 2 V 6+r ° v 6-l 

It follows from the above directly that M n satisfies 



„ , , ( ; : 2P„_ 2 (1) 



lim (b - l) n - z M n (b) = 



b^i+ y ' y ' (n-l)(n-2)' 

We now consider the limit as b tends to infinity. As L„_3 is continuous except at x = 1, we replace 
the L n _ 3 terms by the limiting value if the argument does not tend to 1 or is infinite. For other 
values we substitute P n (x) = log |1 — x\ + P n {x) and collect terms. Therefore 



hm (b-lT- 2 M n (b) = (n _ 1) 1 (n _ 2) hm (J- log(4) + 2P n _ 2 (l) - log(^) - P„_ 3 (l) - (-l) n L„_ 3 (-l)) 
+ (log(4) - 2P„_ 2 (1) + log(^r) + Pn-s(l) + (-l) n L„_ 3 (-l)) 

+ ^ (^-3(2) - in-3(2)) + ^^r 2 ( L -3(^t) - ("^"^(^ 



After cancellation we have 

lim (6 - 1)"- 2 M„(6) = 7 -i lim (& "j" ' ( L„_ 3 (-^-) - (-l) n L„_ 3 (- 



6^i+ v y nw (n-l)(n-2)6-»oo 2«- 2 V 6+1 v ' "~' M 6-1 
For 6 large we can use the Taylor series expansion for L„_ 3 to get 

2 \ 1 / 2 \™~ 2 / 2 \™ -3 / -2 \ 1 / -2 \™~ 2 / -2 x ™~ 3 



— 3 U • 1 J - n 2 I./, • 1 J "• I./, • I J 3 [b i j - n 2 I./' 1/ " \'> - I 

Therefore 

( & -!)^ 2 (r r 2 N , i^r , - 2 



( ^ + ei m - W + - T ; " ) ) = 



b^co\n-2 \b+lj \ n — 2 6-1 

We now use this fact to show the exact asyptotic behavior of M n (b) as 6 tends to infinity. From 
the above we have 

lim b n - 2 M n (b) = 0. 

b— too 

We now expand M n (b) around infinity by writing as a Taylor series in 1/6. From the form of M n 
we must therefore have that for large 6 

_ cp + d log 6 ci + di log 6 
m„(oj - + bn + ... 

Thus we have that the leading terms is 

M n (b) ~ or Um & n-i i og 6.M„(&) = d . 

b->oo 
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To find do we need only gather the log b terms. We can replace terms of the form log(so + t) by 
log b and also can ignore terms L„_3(m(6)) where m(b) does not tend to 1 as b tends to infinity. 
Therefore 

1 ( 21og6 21og6 \ 1 21og6^ 1 I 

M n (b) ~ 



(n-l)(n-2) \(b-l) n - 2 (b+l) n - 2 J (n - l)(n - 2) &"- 2 V(l-l/ 6 )"~ 2 (1 + l/fo)"" 2 
Therefore 



Corollary 8. for n even i/iere is a closed form for F n . 
Proof: We note by equation [2j for all n we have 

By the above lemma, M n is in terms of rational functions and rational functions times sums of 
linear log functions log(a + bx). Therefore for n even the function to be integrated in the above 
equation for F n is a sum of rational functions and rational functions times linear log functions. 
As such functions have explicit formulae, we can therefore find formulae for F n for n even. As the 
number of terms of M n is linear in n we obtain approximately a quadratic number of terms for F n . I 



4.2. Three-dimensional case. For n = 3we have 



1 M; 



Using the above formula we have that 

M, W . -^(1 - log(2)) - I log(, - 1) + i- (|±i I log(, + 1, 

Also we have 

M 3 ( X ) * -I_ 

for x close to 1. 

4.3. Four-dimensional case. For n = 4 we have 



r i r.M 4 , v -r— j- 



Using the above formula we have that 

l/ 3 + 21og(^) 3 + 21 g(^#) log^)-^-^ , l»g(y) + ^ + ^T 
M4 ^=6 1 (6^1? (6^1? + 2P + 2 
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Also we have 

M 4 {x) ' ' 



2 (x- l) 2 
for x close to 1. 

5. Properties of F n 

We now describe the properties of F n . In particular we complete the proof of Theorem 1. 

Lemma 9. The function F n satisfies the following: 
(1) There exists a C n > such that 

F n (l) < ' ' 



( e / _ l)n-2 

(2) F n is continuous monotonically decreasing 
(3) 



(4) 



inn l t nW K n „J(2±l)r(n-l) 



ef"- 1 )' , . (n - 2)7rVr(f - 1) 



lim .F n {l) 



i^oo i ' nw (r(^)) 2 

Proof: 

(1) For a — e l we have 

with 



F n (0 = " 7 / : ^ .M„ W ^ T dr 



1 i-oo log 



1 Jb 



(t 2 -fc 2 )0 2 -i) 



M n (6) = ds ^- — '^dt 



(t - s) n 



By lemma [7] we have that there exists a B n > such that 
Therefore 

Fn(0 < 77 / 1 : , n7=2 dr - 



K-l 



(v^)- 2 .(/i?-i) 



< 2B n V 2 V^ 3 f ^ 

Vn-\ Jo (^2^2-^l^2) n 

Rationalizing the denominator we get 

Fn{l) - k-i L w^w^ dr - 
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Therefore 

(a - ir-^d) < ^-^-3 f 1 rn - 3 ( v^^XEZ) B " a dr . 

V n -i Jo \ a + 1 J 

We have for a > 0, < r < 1 



^ \J a 2 — r 2 + \/i — r 2 ^ _^ 
~ a + 1 ~ 

Therefore we have a C n > such that 

(e l -iy i - 2 F n (l)<C n giving F B (i) < ' " 



( e i _ l)n-2 ' 

(2) We have for a = e l then by equation [5J 

2 _ 2 

The function ^2_° is monotonically decreasing in a. Therefore for n > 4 then ^ — 2 > 
and if a < b 

* 2 ' xM ^ dx < rr^V _ V^u< rri^v"7^M w . 



& 2 - 1 ; v - 1 / "A V a2 - 1 / V - t2 - 1 / ~ J a V fl2 - 1 

Thus F n is monotonic for n > 4. The case for n = 3 we have an explicit form for M3 given 

by 

M3W - ^(1 - log(2)) - i log(x - 1) + 1 (£±1) iog(z + 1). 

This function is monotonically decreasing. As 



Fa(,) = 2 7„ ^ 

then it follows that F3 is also monotonically decreasing. 
(3) We now analyse the behavior of F n (l) as I tends to zero. By lemma [7] we have that 

lim (6 - l) n - 2 M n (b) = D n 

b—>l+ 

. Let e > 0. then on [0, 1 — e] we have 

Jim l) M„ (^"^yj = D n uniformly. 

Simplifying we have 



1 



n— 2 

(a 2 - I)™" 2 



1 - r 2 J (^^72 + x /YTr72)(^/TTT72)„-2 

Therefore we have 



lim (a - l) n ~ 2 M n J - = D n .(l - r 2 ) n ~ 2 uniformly on r E [1,1 — el. 

a-i-i+ V 1-r I 
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Therefore 



/■!-« r n-3 

lim (a - I)"" 2 / 

Jo (VT= 



1-r 2 



dr = D 



Jo 



1 -r 2 )"-^r 



As M„(j;) < ^zffc=2 we have as above that 



n-2 



lim (a - 1) 

o— >1+ 



Also for n > 3 



Therefore 



„n— 3 



1-r 2 



dr < B 



n I r n ~ 

Jl-e 



3 dr < B n .e. 



lim sup 

a^l + 



n-2 



(« - 1) 

o (^/r^T 2 ) 

As e is arbitrary we have 



i-e (x/l - r 2 ) 

/ r"" 3 (Vl - r 2 )"" 2 dr < e. 

il-e 

. .dr-D n .[ r n - 5 {^Jl-r 2 ) n - 2 dr 



„n— 3 



1-r 2 



< (B n +D n )e. 



lim f l - 2 F„(/) = lim (a - l) n ~ 2 F n (l) = 2 I^z^=^ . [' r ^(^T^) n - 2 dr. 

;-+0+ a^a+ Vn-1 Jo 



Substituting a; = r 2 , and letting B be the Beta function then 



J r n - 3 (Vl^) n - 2 dr = \f xf- 2 (l - x^-'dx = \B{\ - 1, \) = 



, ^ r(f-i).r(f) 

2T(n- 1) 



Combining we get 



lim l n ' 2 FJl) 

1^0+ 



D n .y„_ 2 v n _ 3 r(2 - i).r(f ) 



K-i.r(n-i) 



As the volume formula for the n— sphere is 



lim l n - 2 F n (l) = K n = 



(n + l)7r 2 

rffj 

27r^p„_ 2 (i)r(f + i)r(f -i) 



;^o+ n .r(s±i)r(n-i) 

We calculate i4T n for some small values. Starting with n = 3 the first 10 values of K n are 
7T IItt 2 5tt 137tt 3 7tt 2 121tt 4 7617T 3 71297T 5 13427T 4 



(4) We now consider F n (l) for I large. Then for large a as (a 2 — r 2 )/(l — r 2 ) > a 2 — 1 for 
< r < 1, and we have that 
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Therefore on the interval [0, 1 — e] we have 



,71-1 




n — 1 



■ {yl — r 2 ) n 1 uniformly on [0, 1 — e]. 



Therefore 

lim / ; M n J dr = / r^Vl - r 2 dr 

a^oologai {^l^) n ~ 2 \\ l-r 2 J n-lj 

As this holds for all e, the improper integral exists and we have 



lim a — f M J*^t W ~ — / r^Vl^dr ^ - 1} 



Therefore 

r et"- 1 )' 2^-2^-3 Vir(f-l) _ MrrT(| - 1) 

J AlW K-i T(^±l).(n-1) (r(^±i)) 2 

■ 

The above lemma completes the proof of Theorem 1 . 

6. Volume Bounds 

As an application of the above, we now consider lower bounds on volume for hyperbolic manifolds 
with totally geodesic boundary. Immediately from the monotonicity of F n we have the following; 

Lemma 10. If M is a finite volume hyperbolic manifold with totally geodesic boundary with shortest 
orthogeodesic of length I then 

Vol n (M) > F n (l). 

In the paper [6j , Miyamoto studies volumes of hyperbolic manifolds with totally geodesic bound- 
ary using the length shortest return path from the boundary to itself, which in terms of ortho- 
geodesies, is twice the length shortest orthogeodesic. Using packing methods for neighborhoods of 
boundary components he obtains the following result. 

Theorem 11. (Miyamoto [6\) There exists a function p n : R + — > R + such that if M is a finite 
volume hyperbolic manifold with totally geodesic boundary with shortest orthogeodesic of length I 
then 

Vol n (M)> Pn (l).Vol n -i(dM) 
with equality if and only if M is decomposed into truncated regular simplices of edge-length 21. 
Furthermore the function p n is monotonically increasing with p n (0) > giving 

Vol n (M) > Pn {G).Vol n -x{dM). 

We note that these bounds are quite different as functions of I as F n (l) tends to infinity as / — > 
while p n (l) tends to a finite value. Also the lower bound of Miyamoto is proportional to the volume 
of the boundary while the bound given by F n gives no obvious relation. 

We now use the asymptotic behavior of F n to get bounds on the volume of a hyperbolic n- 
manifold with geodesic boundary in terms of the volume of the boundary similar to the bound of 
Miyamoto. We first describe the volume of an r-neighborhood of a boundary component in terms 
of r. 
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Lemma 12. Let X be a finite volume subset of H™ 1 C H™. Let N+(X) be a one sided r- 
neighborhood of X in H n . Then 

Vol n (N+(X)) = Vol n ^(X).S n {r) 

where 

S n (r) = [ cosh™" 1 (a;) dx. 
Jo 



Proof: We consider X on the vertical hyperplane P in the upper half-space model of H™ given 
by x\ = 0. Then by elementary hyperbolic geometry the boundary of N+(P) is the Euclidean plane 
x n = tan(^o)-^i for #o satisfying sinhr = tan8 . 

We let x\ = r sin 9, x n = rcos9. Then (r, 6, X2, ■ ■ ■ , x n -\) e N+(X) if and only if (0, X2, £3, . . . , r) G 
X and < 9 < 9 - Changing variables we get 

Vol n (N+(X)) = ( dx ld x 2 ...dx n = I rd9drd X2 . . . dx n ^ 
Jn+(x) K J n , 



f dx 2 ■ ■ ■ dx n -\dr f" 
Jx J 



'n+(x) r™ cos" 6> 



cos" 9 
As x n = r on P we get 

rOo 



Voi n (N r (x)) = J x .J Q ^=voi,-i(*)-y o ^- 9 . 



Therefore 

Vo\ n (N+(X)) = Vol„_!(X).5„(r) 

where 



S n (r) = ["sec n 9 
Jo 



d9 



for sinhr = tan6* . We let sinhx = tan# then cosh xdx = sec 2 9d9. As cosh a; = sec 9 we have 
dx = sec 8d9 and 

S n (r)= (\cc n 9d9= I " sec"- 1 (9) sec 9d9 = f cosh n - 1 (x)dx. 
Jo Jo Jo 



We now prove Theorem 2. We first restate the theorem. 
Theorem 2. For n > 3, there exists a monotonically increasing function H n : R + — > R + and a 
constant C n > such that if M is a hyperbolic n-manifold with totally geodesic boundary of area A 
then 

Vol n {M) > H n (A) > C n .A(^) 



Proof: We let A = Vol n _i(<9M). We consider taking 5 neighborhoods of dM in M denoted 
Ns(dM). We let So > be the largest values such that the interior of N${dM) is embedded. Then 
M has an orthogeodesic a of length d < 2<5 ■ Therefore there are two contributions to the volume, 
one part V\ from the volume of the region associated with the orthogeodesic a, and the other V 2 
from the neighborhood of the boundary with Vol„(M) > max(Vi,V2). Then we have V\ — F n (d) 
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and as F n is monotonically decreasing V\ > F„(25q). As V% is the (one-sided) So neighborhood of 
DM, by lemma [12] we have 

V 2 = A.S n (S ). 

We note that for small x, we have the simple approximation S n (x) ~ x, with S n (x) > sinhcc for all 
x > 0. Also by the formula for S n , we have that S n is convex. 

By lemma [9j we have that F n is a continuous monotonically decreasing positive function that 
tends to zero at infinity and tends to infinity at 0. We consider the continuous positive function 
G n {r) = max(i r '„(2r), A.S n (r)). Then G n has a positive minimum value depending only on n and 
A denoted H n (A). As F n is monotonically decreasing and S n monotonically increasing, we have 
that H„ = J -1 , where J is the function 

F n {2x) 



J(x) 



S„(x) 



We also note that H n (A) is the common value of the functions F n (2r), A.S n (r) at their unique 
intersection point (see figure [2]). 

Therefore we have Vol„(Af) > G n (5o) > H n (A). Obviously as V% is monotonic in volume, the 
function H n (A) is monotonic increasing in A (see figure [2]) . 




Figure 2. Graph of G n (r) 
By lemma [9] there is a K n > such that 



lim l n ' 2 F n {l) = K n . 

Z-S.0+ 



Therefore there is a fc„ such that for I < 1 



F n (r) > 



U(r). 
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02 OA 0.6 0.1 :.(: 



Figure 3. Graph of F 3 (2x), ^ and iirS 3 (x) 



Also we have that S n (r) > A.r = s n (r) for all r. We consider the equation f n (2x) = s n (x). This 
has a unique solution 

fe« _ . _ ( k n \ ^ _ k' n 

If x < .5 then we have for r < x then F n (2r) > f n (2r) > f n (2x). Therefore G n (r) > f n (2x) for 
r < x. Also for r > x then S n (r) > s n (r) > s n (x). Therefore G n (r) > s n (x) for r > x. Thus as 
f n (2x) = s n (x) then G n (r) > s n (x). Thus H n (A) > s n (x) giving 

H n (A)>A.x = A. J ^ = k' n A^ 

If a; > .5 then we have by monotonicity of f n ,s n , that f n (l) > s„(.5). Therefore for r > .5 
S„(r) > s n (r) > s„(.5). Therefore G n (r) > s n (.5) for r > .5. If r < .5 then F n (2r) > f n (2r) > 
/n(l) > s n (.5). Therefore G„(r) > s„(.5) for r < .5. Thus G n (r) > s„(.5) for all r. Thus 
H n (A) > s„(.5) =A/2 giving 



We note that using the approximation F n (x) — „" 2 for cc small we get the approximate bound 

7. General lower bound Examples 

As the function H n (A) is monotonically increasing in A, if we have a general lower bound on 
the volume of a closed hyperbolic n— manifold then we obtain a lower bound for a hyperbolic 
(n + 1)— manifold with geodesic boundary. 
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Hyperbolic 3-manifolds 

In [5], Kojima and Miyamoto showed that the lowest volume hyperbolic three manifold with totally 
geodesic boundary has boundary a genus two surface and volume 6.452. Therefore 6.452 is the best 
general lower bound. 



By the above lemma pi Fs(x) ~ ^ for small x. Graphing F$ we see that this approximation is 



For comparison with Kojima and Miyamoto, we note that as a closed hyperbolic surface has 
area at least Air, our methods give a lower bound of ^(Att) for the volume of a hyperbolic three- 
manifold with totally geodesic boundary. Plotting Fs(2x) and Air.S3(x) we see that H^(4tt) 2.986 
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